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Bohm criterion for a plasma composed of electrons and positive dust grains
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An investigation is presented of a collisionless sheath of a dusty plasma whose constituents are positively
charged dust grains and electrons. Accounting for the Boltzmann electron density distribution and the hydro-
dynamic dust fluid model, supplemented by Poisson and dust charging equations, a space-charge sheath model
is developed. The Bohm criterion for a dusty plasma system with electrons and positive dust grains is deduced.
The results can have relevance to space and laboratory plasmas.
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[. INTRODUCTION The theory of dust acoustic waves in such a plasma, with
account of the variable charge of the dust particles, was de-
During the last decade, there has been a great deal ofloped in Ref[31]. In this paper, we formulate a model for

interest{ 1—4] in investigating numerous collective processesa space-charge sheath in an electron-positive dust plasma,
in a dusty plasma. Collective processes involve studies of thand present a Bohm criterige.g., Refs[32-34, and refer-
dust grain shielding5,6], the dusty plasma sheaith,8], and ~ ences therein
the excitation of waves and instabiliti¢g—11] as well as The paper is organized in the following fashion. In Sec.
coherent nonlinear structurfs2—14. The simplest coherent |l We present our steady-state sheath model based on the
nonlinear structure, which can exist in a bounded plasm&0ltzmann electron distribution and the hydrodynamic equa-
without the dust grain, is a steady-state collisionless spacdions for positively charged dust grains; the governing equa-
charge sheath at a wall or a negative electrode. It is, therdlons are supplemented by Poisson’s and dust charging equa-
fore, of significant interest to investigate an effect which canfions. The Bohm criterion is developed in Sec. lll, where
be produced on the sheath by the presence of charged duyimerical results are also presented. Section IV contains
particles. From the point of view of applications, such aconcluding remarks and possible applications.
problem is of great importance in connection with the deter-

mination of the dust flux to walls or electrodes in laboratory Il. MODEL
glow discharges, and in material processing as well as in ) )
dusty space plasmas. We consider a stationary space-charge sheath at a planar

If a plasma consists of positive ions, electrons, and dusgurface in an unmagnetized dusty plasma whose constituents
particles of a constant charge, the problem of a space-chargée atoms, electrons, and positively charged dust particulates.
sheath is essentially the same as that in a plasma with mu he surface is under a potential which is about or below the
tiple ion species, which has been studied both in the case dloating potential, i.e., the density of the electron current to
various positive ion specigd5—17, and in the case of posi- the surface is of the same order of magnitude of or small_er
tive and negative ion speci¢s.g., Refs[18-20, and refer- than the density of current delivered by dust grains. It is
ences therein However, charges on the dust grain surfaceassumed that at large distances from the surfiatethe
may vary owing to the variation of the electron and ion cur-"sheath edge’), where the plasma is quasineutral, plasma
rents that reach the dust grain surface during the dust graip@rameters tend to constant values, which will be designated
charging. The account of dust charge fluctuations in the dud¥ith the indexs.
acoustic and dust ion-acoustic waves results in a number of One should expect that the velocity of the directed motion
interesting effect§21—25. One can expect that the variabil- of dust particles in the direction towards the surface is in the
ity of a dust particle charge will also result in some interest-sheath of the order ofZsT./my, whereT, is the electron
ing effects[8] in the theory of the near-wall space-chargetemperature in energy units artiand my are the charge
sheath. number and the mass of a dust particle, respectively. It fol-

The simplest model of a dusty plasma is the one accountows that the density of the electric current transported by the
ing for atoms, electrons, and positive dust particles. We notgarticles is of the order of ZsnysyZsTe/my, wheree is the
that dust grains can acquire positive charge due to thermionimagnitude of the electron charge amgis the number den-
emission 26] and photoemissiof27-29; in a thermal dusty  sity of the dust particles. Since the density of the net electric
plasma, the dust grains are mostly charged positif80}.  current does not change across the sheath, and since at the

surface it is of the same order as the density of the current
transported by the dust particles, the density of the net elec-

*Also at the Department of Plasma Physics, Uniiversity,  tric current in the sheath is of the ordere®,nyyZTo/my,
S-90187 UméaSweden. and this is also the order of the net electron current density.
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The density of the electron thermal current is of the order ohormalization factoré\ andB are defined in such a way that
en.Ce, Wheren, is the electron number densitpote that  f(Zs) =1, 9(Zs)=1. For example, if dust is charged by UV
Nec=ZNgs in the approximation considered C, radiation[27], then

=/8T./mm, is the mean electron thermal velocity, amd

is the electron mass. It follows that the ratio of the net elec-

tron current in the sheath to the electron thermal current is %hereR is the radius of a spherical dust particlés the flux
the order ofyZsme/my. SinceZs<mg/me, the above ratio  yensity of the UV photon beanY, is the yield of photoelec-

is small and the distribution of the electron number density;,,q _ — ;
. . o per one photory=Ze*/RT.=e¢/T,, ¢ is the surface
in the sheath may be described by the Boltzmann d'St”b“botential of the dust grainy,=Ze?RT,, o=T,/T,, and

tion, namely, T, is the average energy of the emitted photoelectrons. Simi-
lar expressions can also be written for the case when dust is
Ne=nNeseXP(eP/Te), (1) charged by thermionic emissid@s].
Assuming that the dust grain size is much smaller than the
where¢ is the electrostatic potentiéor definiteness, zero of electron Debye radius, one can employ for the electron col-
the potential is chosen at the sheath edge lection current an expression given by the orbital-limited

~ We assume that the temperature of the gas of dust pamotion theory; see, e.g., Ref85,36. Then one can write
ticles is much smaller than the electron temperature. Then

the energy of the directed motion of dust particles toward the _
surface substantially exceeds the energy of their thermal mo- B=(1+7yy)7RN.Ce, 9=
tion, and all the dust particles at a given point of the sheath

have approximately the same velocity, which is directed t0\ye note that the assumption of a constant valyef the

yvard the surface. .Assuming that the motion of dust particleg st particle charge number at the sheath edge implies that
is unaffected by impacts of electrons and atoms, one CaB s a root of the equatioA=B.

write, the continuity and momentum equations for the dust ~\ye assume that the intergrain spacings are much smaller

A=7RAYexp—oys), f=exd—o(y—vs], (5

1+y
1+ vy

(6)

particles as than the sheath thicknedSince the latter is of the order of
the electron Debye radius, this amounts to assuming that the
S Mo %: e d_d’ @) number of grains in the Debye sphere is laygdien the dust
dvd™>dy - Td¥d gy dy’ charge distribution in space may be considered as continu-

ous, and the Poisson equation reads

respectively, where thg axis is directed from the surface 5
into the plasmay 4 is the dust particle velocity in the direc- d_d’ —4 7 7
tion toward the surface, ant}; is an unknown constarithe dy? me(Ne™ZNa). ™
number density of the dust flux to the surface

Assume that the time of flight of a dust particle across the We introduce dimensionless variables
sheath substantially exceeds the mean time between succes-
sive electron impacts suffered by the particle or the mean Y Vg o 2 e
time between successive emission acts. Note that this as- ”‘E’ V_v_ds’ Z_Z_S’ cD_T_e’ ®
sumption implies, generally speaking, that the variation of
the charge numbeZ across the sheath is much larger thanwhere \p= T /47n.£7 is the electron Debye radius, and

unity. Then charging of a dust particle may be considered ag = J,/n, is the dust particle velocity at the sheath edge.
a continuous process, and may be described by the equatiqnhe system of equations now assumes the forms

L el 3 VW'=—(1-B)Z®', VZ'=a(ge"-f),
Yddy e '

B )
O"=e®-7/V,
wherel ™ is the emission current arid is the electron col-

lection current. Expressions for these currents are written ifvhere prime denotes differentiation with respectzcand
the forms
A\p ZTe

B=1— . (10
mdvés

a

n - ]
|t =eAf, I’:eBn—eg, (4) vdsZs
es

Obviously, the parametea#, as introduced here, represents
whereA andB are constants; they are associated with charthe ratio of the scale of the sheath thicknessg,, to the
acteristic frequencies of the emission acts and of the impadength scale of variation of the charge of a dust particle.
of the plasma electrons suffered by a dust particle, respec- In order to deduce an initial-value problem, it is conve-
tively, f=f(Z) andg=g(Z) are dimensionless functions of nient to introduce new independent variafle- —®. Equa-

(a local value of Z. For definiteness, we assume that thetions (9) then assume the forms
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~ 6 _E A
dv ~ dz @
V—~=(1—B)Z, EV—~=a(f—ge_ ), v
do dd !
4 —
dE Z ~
E—=——e", (11 I
whereE=®’ is the dimensionless electric field. These equa-
tions should be solved at the interj&l,e U/T.], whereU is 040 v
the (absolute value of thesheath voltage, with initial condi- ]
tions [ ¢
, 6 1 v
~ B | | |
V(0)=1, Z(0)=1, E(0)=0. (12 0 2 4 noos
FIG. 1. Roots of the discriminant of Eqg20). OA: v,
IIl. BOHM CRITERION =v1(u), Eq. (Al), and the first equation in EqA3). BC: v,
~ = , the second equation in E¢A3). BD: = , Eq.
We seek a solution at smalt in the forms (AZ_(M) a * Va7 vali). B
VELePBRL o, Zo14QBTH e, E=WMEo WA aTWe BW-a(1pT)=0. (19
(13

The above equation may be converted to a two-parameter

wherep, P, g, Q, w, andW are(real) constants to be deter- form by means of the substitution'=T"~ ¥%,

mined later. For expansidi 3) to be consistent with bound-

ary conditions(12), p, g, andw should be positive. Further- 3 2 _
more, it should bev=1, since the integral Tt ‘/;Z vz ‘/;(1+ v)=0, (20)
eUT, ~ whereu= a?I'® andv= BI". The discriminant of Eq(20) is
77=f do/E (14)
@ D=413-8ur’+4u(pu—9)v+4u’—27u. (21
must diverge asb— 0 (which corresponds tg—c). The roots of the cubic polynomial on the right-hand side

Expanding the first equation in Eqfl1), one finds that ot £q. (21) are given by Eqs(Al), (A3), and (A4) of the
p=1 andP=1-p. Expanding the other equations, one ar- Appendix, and are depicted in Fig. 1. Equati@0) has three
rives at real roots in the domaingu=0,y=v,} and {u=27/8p,

~ ~ ~ <wp<vjy}. These roots are given by Eq#9) and (A10) of
WQgP"* 4™t =a(d-TIQdY) (15  the Appendix. In the rest of the half-plaf@=0,—~<v
<}, EQ.(20) has a real and two complex roots.

and Assuming that the electric field in the vicinity of the
o ol o ~ sheath edge is directed toward the sheath, one should look
WAwOY"2= g +QdY, (16)  for a positive root of Eq(20). It follows that the considered
where problem is well posed at such points of the half-pldpe

=0,—o<p<w} for which Eqg. (20) has just one positive
root, other roots being negative or complex.

r:d(g_f) i (17) One can see that EqR0) has a zero root on the lings
dz |- =0 andv=—1 [lines EOFG and FHJ in Fig. 1; pointH
z=1 here is defined by the equatien(x)=—1 and has coordi-

We note that the electron collection current increases with aRat€s(4, —1)]. In the vicinity of these lines, the roots in
increase of the potential of the surface of a dust particlélUestion are
while the emission current decreases due to enhanced reflec-
tion by the potential barrier. It follows thdt> 0.

Assuming that all the terms of Eqgl5) and (16) are of
the same order, one should set q= 1. Equation(15) gives

1
1+ =
14

z=—

Jut-, z=Ju(v+ )+, (22

respectively. It follows that this root is positive in tleght)
a vicinity of OF and in the upper vicinity oFHJ; the root is
Q= W+ ol (18) negative in the vicinity ofOE, in the vicinity of FG, and in
the lower vicinity of FHJ.
Substituting this relationship into E416), one arrives at a Other roots of Eq.(20) on lines EOFG and FHJ take
cubic equation folWV. values
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47 that Eq.(19) multiplied by W coincides with the characteris-
Zn Za tic equation at which one arrives while seeking an exponen-
tial solution(with the exponential factor written as V) to
Eqg. (9) linearized around the boundary condition gt .
One can see from Fig. 2 that on each of the likes BC,
and BD equal roots are negative. Since EQO) has no
imaginary roots aj>0, one can conclude that real parts of
complex roots in the domain$ andlll are negative. It fol-
lows that inequality(24) represents a condition under which
nontrivial solutions to Eq(9) exist which are compatible
with the boundary conditions at the sheath edged these
solutions are monotonic at the sheath edge and belong to a
one-parameter famiy

0 9 4 6 wog Inequality (24) [or (25)] does not involvea. In other

words, the effect of the variability of charge of dust particles

FIG. 2. Values of roots of Eq20) on linesOA, BC, andBD.  manifests itself only through parametér

Solid line: z=z[ u,v1(n)] (i=1,2,3); lineOA Short dashesz We note that once inequalit{24) is independent ofy, it
=z[u,v2(p)]; BC. Long dashesz=z[ p,v3(1)]; BD. can be derived in a simpler way, by means of considering the
limiting casea—. A solution to Eq.(19) in this limit is
—JutJu—4a W;=—al',\W, 3=+ \B+T L. Thus Eq.(19) has a positive
z==\v, 2= 2 (23 root provided tha>—T""1, in accord with Eq(24).

The above analysis does not apply in cases when one or
respectively. It follows that Eq20) has, apart from the zero more roots of Eq(19) are zero. Indeed)/=0 means that the
root, a positive root and a negative root O, two complex respective solution at smalt cannot be sought in the form
roots onOG andFH, and two negative roots ofJ. of Eq. (13) with w= 1. It follows that the above analysis does

The behavior of the roots on ling8A, BC, andBD is  not apply on lineFHJ, and that is why the Bohm criterion
shown in Fig. 2. One can see that E20) has a positive root appears in the above analysis in the form of a strict inequal-
and two (equa) negative roots orDA; three negative roots ity. On the other hand, it is well known that the Bohm crite-
onBC andBH; a positive root and two negative roots D.  rion usually allows the equality sign and, furthermore, is

Consider now domains-V shown in Fig. 1.(The do-  usually valid just in the marginal form. Therefore, one can
mains do not include boundarig®ne can conclude that Eq. expect that the right-hand side of inequali®5) gives the
(20) has a positive root and two negative roots in domai  value of the dust particle velocity at the sheath edge. It can
positive root and two complex roots in domdina negative be seen easily that this quantity coincides with the velocity
root and two complex roots in domaiiti, a positive root and  of low frequency (<A/Z,), long wavelengti(in compari-
two negative roots in domaitV, and three negative roots in son with the electron Debye radjudust acoustic waves in

domainV. collisionless dust plasmas with a variable dust particle
It follows that the problem is well-posed in the domains charge and a low translational temperature of the dust.
II, andlV, i.e., at In the limiting casex= 0, the model of a sheath in a dusty
plasma with a variable dust particle charge, as formulated in
v>-—1. (24)  sec. II, becomes identical to the model of a sheath in a

. ) plasma with positive particles of a constant chafgewith
A condition of well posedness of a sheath problem is usuallyy, itiply charged ions Therefore, the Bohm criterion in the
referred to as the Bohm criterion; see, e.g., RE2-34. jiniting casea=0 is given by the same formula as that of

Thus inequality(24) represents the Bohm criterion for the o conventional Bohm criterion in a plasma with multiply
problem considered. Another form of this inequality is charged ions, viz.

FZSTe vz Z.T 1/2
[ ——— s'e
Vds™ (T+ 1)md) ’ (25 vdSZ(Td) , (26)
IV. CONCLUDING DISCUSSION One can see that E(R5), which does not involver, does

not provide a limiting transition in the case—0. On the

The Bohm criterion appears in the above treatment as ather hand, E¢(25) conforms to Eq(26) in another limiting
condition of well posedness of the sheath problem transease, namelyl’— . [The same result may be obtained by
formed to the independent variable under this condition, imposing the limitl’—o directly on Eq.(19): a solution in
a solution exists with the electric field at the sheath edgethis limit is W;=—aI'\W, 3=+ 3, and there is just one
®=0, directed toward the surfag@and such a solution is positive root provided thgs is positive] Note that this con-
unique. On the other hand, the Bohm criterion may be in-clusion is consistent with Eq18): whenI'—o, Q goes to
terpreted as a condition of well posedness of the sheath prolzero and the particle charge at the sheath edge is constant.
lem in the original statement. Indeed, one can check readilffhe physical sense of this result may be understood as fol-
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lows. The charging of a particle at the sheath edge is caused If n>27/8, the discriminant has three real roots
by the variations of the emission current and of the electron

collection current(the unperturbed values of these currents 2u T\ 2u
are equal and do not cause any charpifidhe latter varia- v1=A4, €083+ 3 YeT -4 CO{ 03— 3 + 3
tions are caused by variations of the local potential and of the (A3)
particle charge. If the dependence of the emission current

and of the electron collection current on the particle charge is -
strong (">1), then the variation of the particle charge must vy=—A, cos( S5+ 3
be small; otherwise it would cause a variation of the currents

which cannot be compensated for either by a variation of the
currents caused by a variation of potential or by accumula?/nere
tion of the charges on the surface of a patrticle.

The results of our investigation should be used, in particu- 5 —Earcco: 8°+540u+729
lar, for evaluating the dust flux towards a wall or toward a 73 N 8\Vu(n+27)3
negative electrode, or for the calculation of the characteristic
of an electrostatic probe in a dusty plasma which is com-  Note that
posed of atoms, electrons and positively charged dust grains.

2u
+ 3 (A4)

(A5)
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APPENDIX: SOLUTION OF EQ. (20) The real roots of Eq(20) may be written as

If w<27/8, the discriminant of E¢(20) [which is given
by the cubic polynomial on the right-hand side of E21)]

) -
has one real root z;=14,C0s4, 3 T A, COS( 04 —)

v1=—A; cosec d;+ ?'u (A1) Ja

— 5 (A10)

a
Z3= _Az CO{ 544‘ §
where

5 5,\ 13 where
A1=§\/M2+27,u, 51=arcta76tan?2 :
Vi (—2u+18v+27)

_2\/_ 1
8/—M(M+27)3 2 A2—§ ut+3v, 54—§arccoo 2t 30)7

Sy=arcsin

8u°—540u—729° (A11)
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